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ABSTRACT 


A space X is supercompact if X possesses an open subbase S 
such that every open cover of X from S has a two subcover. This 
concept was first introduced by the Dutch mathematician, J. de Groot. 

It had been conjectured that all compact Hausdorff spaces are super- 
compact. This problem has been the motivating force behind this thesis. 
We show that if X is non-pseudocompact, then 8X is non-supercompact. 
Furthermore, we extend this result to encompass the case where two is 
replaced by a larger integer in the definition of supercompact. These 
results rely heavily on combinatorial properties of subsets of w (the 
first infinite ordinal). Consequently, considerable attention is 
devoted to the existence of certain transversals of collections of 
subsets of w. 

Supercompact spaces have rigid cellular requirements. We investi- 
gate them and show that if YX is a super-compactification of X then 
the cellularity of yX - X cannot exceed the weight of the space X. 

The idea of breadth in topological spaces is introduced. In 
particular, a space X has breadth two if X possesses an open subbase 
such that the union of three members of S is actually the union of two 
of the three members. Hence, if a compact space has breadth two, then 
every closed subspace is supercompact. In general, supercompactness is 
not a closed hereditary property. Using a combinatorial proposition in 
lattice theory, which we develop, we show that every one-dimensional 


separable metric space has breadth two. 
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CHAPTER [J 


Introduction 


This thesis will be concerned with special kinds of subbases for 
topological spaces. A collection S of open sineags of a topological 
space X is called an open subbase if the open sets of X are precisely 
the arbitrary unions of finite intersections of S. Dually, a collection 
S of closed subsets of a topological space X is called a closed subbase 
if the closed sets of X are precisely the arbitrary intersections of 
finite unions of S. Throughout, we shift from one to the other, which- 
ever is best suited to the purpose at hand. 

Traditionally, subbases have played a small but key réle in 
topology. Examples are the definition of the product topology and the 
original proof of Tychonov's theorem for compact spaces. With regard to 
the latter, Alexander's subbase theorem was the crucial ingredient. It 
reads as follows: A topological space xX is compact if and only 1f “<X 
possesses an open subbase such that any cover of X by members of this 
subbase has a finite subcover. The main topological concept motivating 
this thesis was derived from this theorem and first introduced by the 


Dutch mathematician J. de Groot [11]. 


Definition: A space X is Supercompact if XK possesses an open subbase 


such that any cover of X by members of this subbase has a subcover of 


two members. 


Observing the abundance of supercompact spaces, de Groot had 


wondered whether all compact Hausdorff spaces were supercompact. This 
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problem is solved in the negative. Part of this research appears in 
Mea belie (2 teand: (3). 

Chapter I is concerned with finding certain transversals on collec- 
tions of subsets of the natural numbers. This finds application in the 
subbasie problems of Chapter III. Chapter II is concerned with a com- 
binatorial result on the breadth of a OQ-1 distributive lattice. This 
is applied in Chapter IV where a new topological Sohbet, that of breadth, 
is introduced. It is shown that a one-dimensional separable metric space 
possesses a very special kind of subbase. This concept is an offshoot of 
supercompactness. 

Our set-theoretical notation is standard. For a set X, |x| de- 
notes the cardinality of X and P(X) is the set of all subsets of X. 
For a collection S of sets, uS = {x: x eS for some S e« S} and 
nS = {x: x “etSe Ofor everyouss S}. The first jens Earee oath he 1s §w,; 
the first uncountable ordinal is W4 and c is the cardinality of the 
real numbers. If N is a positive integer, then cx] denotes the set 
of all subsets of X of cardinality N and a denotes the set of 
all finite subsets of X. 

The lattice theory used in Chapter II is elementary. All the 
reader need know is the definition of a O-1l distributive lattice. For 
this, see "Lattice Theory" by G. Birkhoff [4]. 

A Tychonov space is a completely regular Hausdorff space. For such 
spaces X, BX denotes the Stone-Céch compactification of X. If f is 
a continuous real-valued function on X, then {x « X: f(x) = 0} is 
called a zero-set of X and {x € Keei(x)i = o} is called a cozero-set 


of xX. Z(X) denotes the set of all zero-sets of X. 8X is characterized 


as being that compactification of X such that 
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A space X is pseudocompact if there are no continuous unbounded real- 
valued functions on X. A space X is countably compact if every infinite 
subset has a cluster point. Countably compact spaces are pseudocompact. 
Y is a netghbourhood retract of X if there epee an open subspace U 
Oi X —COlbtdining, Y /and a ‘continuous map airs Ue Yo (such that (y)e= ¥ 
for all yeY. I, R, Q, N and 2 denote the closed unit interval, 
the reals, the rationals, the naturals and the two point discrete space 
respectively. A good reference for this paragraph and the other standard 
topological concepts used in this thesis is the excellent book of 
S. Willard, “General Topology" [37]. 

The cardinal functions used are as follows. The wetght of a space, 
w({X), is the jleast cardinal of an open base for X. The cellularity of 
a space, c(X), is the supremum of |G], where G is a disjoint 
collection of ee sets of X. The density of a space, d(X), is the 
least cardinal of a dense subspace of X. The spread of a space, s(X), 
is the supremum of [De where D is a discrete subspace of X. The 
reader is referred to I. Juhdsz's book, "Cardinal Functions in Topology" 
falSulits 

The dimension theory of Chapter IV takes place in the realm of 
separable metric spaces. In this realm, all three of the standard 
dimension functions ind, Ind and dim are equal. This was proven by W. 
Hurewicz and H. Wallman [14]. We shall write dim X for the dimension 
of such spaces. X. “For “Avo X, (the boundary of | A ein |x | is 


CLA n CL, (X-A). It is denoted by BdA, or when there is no confusion, 
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as follows: 


(1) 
(2) 


The definition of dimension that we use is given inductively 


dim @ -1 


dim X 


[A 


n if for every closed subset C of X and for 
every open subset O of X with CG <¢ 0, there exists an 


open subset “V of) Xk» with Cec Vv <.0 “and ) dim(sd Vj)ea n-1. 
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CHAPTER I 


Transversals 


I.1. Introduction. Our motivation for this study of transversals originates 
from questions on the space 8w of ultrafiilters of w. We recall the per- 
tinent details. The underlying set for Bw is the collection of all 


uitraiiitenssone@. For sA chu.) tet A = {p e Bw: A € pte Then {A: Ac wf 


is taken as a base for the closed sets of Bw. Since fw -A=w - A, 

this is also a base for the open sets of Bw. Bw becomes a compact, 
Hausdorff, O-dimensional space. A collection S of closed sets of fw 
which is closed under finite intersections is a subbase iff for each Ac yg, 
there exists a finite subcollection [Sy aca ot S with 

i: IL ese Sn. This follows from compactness and O-dimensionality. 
Consider the tyace of S on ww, i.e. G= 48inw;S eS}. Let Aco. 


Then, yAs=801S,; la< i < n} yimplies, A =.01Ss o.u:4) <4 < on}. Thus G 


af i 
"senerates"” P(w) under finite unions. More formally, Gc P(w) is 
called a generating set for P(w) if each subset of w is a finite 
union of members of G. The richness of P(w) forces any such generating 
set to contain certain finite subsystems. If, as in the case above, the 
generating set "comes" from a closed subbase S, then these finite sub- 
systems can be lifted into S. For example, in Chapter III it will be 
shown that S must contain three element's whose total intersection is 
empty but each pair has nonempty intersection. This is reasonable, but 
not at all obvious. 


The main tool employed in this project is the idea of a transversal. 
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Several authors have given different definitions of a transversal. For 
an excellent source on transversals of families of finite sets, the 
reader is referred to L. Mirsky's book; "Transversal Theory" [24]. For 
an example of work being done on ttansversals in infinitary combinatorics, 
see the paper of E. Milner [23]. 

By an N fold tntersection is meant an intersection Of Ne distinct 


sets. It is helpful to make the following definition. 


I.2. Definition. Let N be a positive integer. Let A = tA: hee r} 
and) 6 = {B: Vane r} be two collections of sets such that for each 

me d:, BYES A. Then T is called an N transversal on B/A if 

T< uB, T intersects all N fold intersections from B in a singleton 
and T is disjoint from all N+1 fold intersections from A. If for 
Slaven ee b= a then we simply say that T is an N_ transversal 


en Ak 


If A and B are as indicated in the following diagram and T 
consists of the three points indicated, then T is a 2 transversal on 


B/A. 


BAY f ™ ves 
/ Z ce . o \ A =. {A, »A, Aj} 
i B q ) ue 
1 } 1 | \ | = 
st iar B= {B,,B,,B,} 
\ Tei ar 
: “Saas panned» Ahr Oa 
wr po 4 
eee ee | 
La ee 
Aan eee 


\ heat ge 


Pi ak A 


euetrebh Wt Bisbal Saeed vena 
‘anddenn sh gatwolso} od” pas aa wd’ ae 


(Ts ye Abe h ded cragaan sal gteag #9 e a 
doeS aol yurta dove e798 Yo, Saalitpet Lon oS gh b ars aa 

y td a oF ; 

it oa xO Wecauasst i a: hw kD om 


anwefyeia-s ab & gozi sip t2oseasdet | ‘bing us. 
4n% 22 JA orl amok indians yn! bie: t+" ts ag Sattog sth ar 


Tapevensr i weet 7 si “ee eal ie et Cae g ery 


io. 


; : », an. ae ‘ ' 4 ; a 
€ tao angen ghiedliphth at: bpsnaebeosancober a fib) 8 Me JE 
ne Iaddavendat Sh ab tT nett ybsgedihiel eaqtog,'sSsde a Io #8 


Our interest lies in two directions. First, the existence of an 
uncountable collection of subsets of w satisfying a prescribed 
property and second, the existence of an N transversal, for some N, 
on a countable subsystem. Note that one cannot have an N_ transversal 


On an uncountable collection of subsets of w. 


I.3. Proposition. Let N be a positive integer. There exists 
1A: Oa wit c P(w) with N fold intersections infinite and N+1 fold 


intersections finite. 


Proof: When N=1, this is a well-known result in W. Sierpinski ESICAI 
page 81. In this case, such a collection is called "almost disjoint". 
So assume N > 1. We shall construct the A's inductively. Independ- 
ently, we construct A, for i <w. This is necessary because there 
are finite collections which are maximal with respect to the properties 
stated in the proposition. 

Enumerate [w* as {H,: 4 < als plet ju, = u{S,: i<wh} bea 
partition of w into infinitely many infinite subsets. For i < uw, 


define “Al = U{$.; die H,}. If H ‘ec [ora then ‘niAted ef He} = S 
i 4 j n i n n 


and if Fe Wipe then n{A,: ie Fh =a; 

Continuing on, assume that for a< 86 <w and B >w, A has 
been defined such that 

Ghee re] implies n{A: ae H} is infinite. 

(2) Sb é mes implies n{A.: a € FI is finite. 
Since {A a < ®} is countable, re-well-order this set as an w-sequence, 
1B: i <w}. Enumerate eae as {D,: i<w}. For each m ¢ D,> 
choose Cam © (B n n{B,: je D,}) = (v{B,: ki< me kv DI U te, Dex m}). 


Let. Ci = {c, snes Des iy Then C, has the following properties: 
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(a) Cc. is an infinite subset of n{B,? he D,t- 
N 
(b) "Hor eacheiH*e [0] ” and”forveach 4, Cn n{B: je H} is 


felines 


N 
(c) For each H « [w] , there exists an i such that i > by 


implies C, 1 n{B, : j « H} = 0. To see this, choose iy 


such that [B,: jee H}  {B,: ih eye 


Hence, defining A, = u{C,: Las w} completes the inductive step and 


B 


{A :a<w,} is as desired. [ 
a ib 
We now supply the companion to Proposition I.3. 


I.4. Proposition. Let N bea positive integer. Let A = {A ie < wit 


and B= {Bi a < w, | be two families of subsets of w _ such that 
(Cy meron a lla oO W> weieees 
(b) N fold intersections from B are infinite. 
(c) N+1 fold intersections from A are finite. 
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Proof: For N=1, proceed as follows: Consider {A. n Av: 0 a= w,}- 
There exists an uncountable subset M Of Wy 7 10 asuch that tor 
every 68 #y in Mi A, n Aa = A, a A Let er Oe 
For N>1, let a =0O and M =w, - {a_}.. Thus, assume that 
fe) fo) 1 fe) 
we have constructed {a _,***,a_} and {M ,***,M } such that 
fe) m fe) m 
Cyr" 0r<"1 <m implies a, € M, ~ M. (MM. = w,) 
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Choose a eu» Letya{F.: 


Ss ab Ss = 
a) = i LS ge <r} enumerate the N element sub 


GER Oe @ ,O00 : i 
{ °° tat There exists an uncountable subset Ny of 


Ms ~ to yt such that for every 8 * y in No» nA: a € Ef a Ae = 


n{A. ae FI n ap Now choose an uncountable subset No of No such 


that f 4 i : aa : . 
at for every 68 # y in No» n{a, a € Fy} n Ap nA, a € F,} n A 
Proceed in this fashion to Ne Let Mi = Ne The inductive step is 


complete. 


N+1 } 


The set u{nta.: One itr ve [{o,: fe oir | meets every N 


fold intersection from {A Sei i) abtinit © set. SO. Lor every 
N it 
H « [{o,: i-< 0} 1]. chooge. x 


N+1 } 


e n{B_: a € H} - uf{n{A: a ec F} 
H a, (or 


Fe [{o,: i < wh] Then T = ihe Homi ts rele is an N 


transversal on {BL Nig wh/tA, ds eee 
i alk 


We present two examples related to the just proven proposition. 


I.5. Example ]. It is necessary that A and B be uncountable 
¢ N : ‘ 
collections. Enumerate [w] as {H,: 1s w. Let {S53 sbets w} be 
a countable partition of w into infinite sets. Define AL =} = 
N 
u{S,: ne Bo MONKS ae ee Pg H, « [w] , then n{B: n ¢€ H, } con- 
2 ° 2 2 2 N+1 
tains S.> hence, is, infinite.. If Me, [w] ,) then ofA: n € Fp 
{i: i < max F}, hence is finite. However, every member of w is in 
! 


all but finitely many AL s. Consequently, no transversal could possibly 


exist on any infinite subsystem. 


Example 2. There need not be an N+1_ transversal on even an 
N+2 element subsystem. This construction is due to W. Sierpinski [30], 
page 81. Let S be a subset of the real numbers of cardinality Ws: 
For each x eS _ define A. = B = {2"(2[nx] +1): MURS wh, where [nx] 


denotes the greatest integer in nx. 1-fold intersections of the A's 
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are infinite and 2 fold intersections of the A's are finite. 

Hence, by the proposition, we are guaranteed a 1 transversal on an 
infinite subsystem. However, as the reader can readily check, whenever 
My Ys, 2 afé threé distinct numbers in S$, modulo a permutation, 

|x - y| < |x -2| must obtain, whence A. n ALS ae Thus any set 

which intersects A, nN A, must intersect A, n in n A therefore no 

2 transversal can exist on any 3 element subsystem. Thus we see that 
Sierpinski's example of an uncountable almost disjoint collection of 


subsets of wW enjoys the added property that the intersection of three 


of them is actually the intersection of two of the three (two times). 


We say that a ‘collection _C of sets satiefres P Af for all 
Pini tems cecemond for all VX;eC — |," Xe aPesis intinite: 
Let us prove the following variation of a result due to D.A. Martin 


and R.M. Solovay [16]. It is a useful tool in what follows. 


I.6. Proposition. Let A ‘and 8 be twosfamiliesjof subsets of ~w. 
Assume |AuUB| =w and AuB satisfies P. Then there exists an 
infinite!)/C <)m such that for all ;A esAjieCingA “is finite and for 


Allee Raceb wee Canes Wis infinite andy Apul Baveicl Ssatisitestens 


Proof: Enumerate A UB as {D: n <b. 
i - A gf D, = Db U 8 
Pie k Xm < Do (u{D, J; j ie a 


Let C= ee m>n, m even and D.« Bh u Xun! n< wf. O 


Two examples are now given to demonstrate the peculiar behaviour 
that certain uncountable collections of subsets of w display. They 


originally caused the author some concern in his investigations. 
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I.7. Example 1. There exists an uncountable collection {C: a < w,) 

of subsets of w with pairwise intersections infinite and a decomposition 
of each Ce into two sets oF = C U fen such that no three of 

{Caps a<wj, ie {0,1}} have pairwise intersections infinite. 

The reader should observe that: upon replacing pairwise and two by 
finite and finitely many in the above, an application of Zorn's Lemma 
would yield an uncountable collection of C4'8 having finite inter- 
sections infinite. 

We first construct two almost disjoint collections {A hes wit 
and 1B: a < wt suchSthateroriall a 26) sin WX W,> A. n Be $s 
infinite. Let us first construct them up to w. Partition w into 
wxXw disjoint infinite sets w = u{S, 53 (i,j) « wxw}. Define 
AL = u{S 43 alas w} and BO = u{S__: is w. Proceeding inductively, 
assume (that for gu"<%6 >< Wy 1A: a < B} and {B: Cues B} have been 
constructed such that 

(1) y <a< 8 implies AY n AY is finite and Be al BY istiinite. 

CZ) Oa te) E08 x By simpites ae n BY isPintinite. 

(3) {A a < Bh u {B. a < 6} satisfies P. 

Now we construct A, and Ba: One application of Proposition 1.6 
yields an A, which intersects all the A'S in a finite set and 
which intersects all the B's in an infinite set and is such that 
{A a< B} U 1B: ao< B} satisfies P. A second application of 

Proposition 1.6 yields the desired Ba» along with {A wes B} U 


{B ol? as B} satisfying P. This completes the inductive step. 
oO Bek 


Define C40 = A, n u{B: OQ. <P yas wits hl = BY n Ufa: Vie= aus wi} 
and Cy = C0 U Cua Then Cu C0 and Cu are as required. If 
aes BY Sthen 9A 71 Ba c Pe n Ce» hence pairwise intersections of the 
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1 i . . e 
Cy s are infinite. However, for any three Ciyes chosen, two come 


from an almost disjoint collection. 


A question, posed by the author, led to the following elegant 


example constructed by George Tokarsky (personal communication). 


Example 2. There exists an uncountable collection of infinite 
subsets of w which contains neither an uncountable almost disjoint 
subcollection nor an uncountable supdcollection with pairwise inter- 
sections infinite. 

Let D denote the diagonal of Ww, XW: W. Sierpinski [31] has 
shown that there exists an f: (w, x 0,) - D> {0,1} such that 

(a) f(a, 6) "= £(8,0) 
and 


(b) for each uncountable S c w ate xS) - D) is onto 


[tz 
{Oy}. 


To see this, let eae a < w,) be a well-ordering of a subset of the 


bets 


reals of cardinality Wa: Define f as follows: f(a,8) 


(% =< 8 and a = ra) Gree Gea and te < rs £(a,8) = 0 other- 
wise. (>) is satisfied since the reals do not contain an uncountable 
well-ordered sequence under the usual ordering. 

We shall construct {A a < wt such that AY q Ap is finite 
iff £(a,8) = 0. Clearly, this will then be our required collection. 
First, alter {ri a < w,} if need be, esokthaty fn sn)e=408 fornim: <am, 
ecu, ® Mere. | This can bevaccompl ished by, letting {x : n és bebe 
a strictly decreasing sequence of real numbers. Let {A_: n< wt be 


a partition of w into infinite sets. Assume AY have been constructed 


imope (0) S fh < oT where 8 > w_ such that 
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CLteEYe <#05<96 “implies AL n AY istfinitelité £Gys0je=20; 

(2) {A a < B} Satisfies PB. 
Let A= {A f(a,B) = o} and B= {A f(a,6) = al? Proposition 1.6 
yields an A, which intersects members of A ina finite set and 
members of 8B in an infinite set and is such that A u B u {Ag 3 satis- 
fies P. This completes the inductive step. {A 3 a < wi} is as 


desired. 


Let us investigate a stronger property than P. A collection of 
sets C is called an independent family if for each pair of disjoint 
finite *subsets*of ‘CC, ‘F °'and Gl nf = uG® is infinite) “The existence 
of an independent family of cardinality c of subsets of w was first 
proved by Fichtenholz and Kantorovitch [9]. F. Hausdorff [13] shortly 
after came up with an easier proof. The following simple topological 
proof is implied in Engelking [8] (163-164). 

Consider a4 the cartesian product of c copies of the two 
point discrete space. Let {d_: n < w} be a countable dense subset of 
2°. For O tgrore - slet Py be the projection map onto the a'th 
coordinate space. Define DA = {n: p,(d_) = 1}. Then {D: Na ct 


is an independent family of subsets of w. 


Roowe Derinitaon,, Let 1A: Ye r} and {B: eee r} be two collections 
OL sets suchythat for all)’ yo< 1 2 oe Then {B: exe Tf is 
independent over tA: y e T} if for each pair of disjoint finite sub- 


Sete eta and Gest. I, n{B y ¢ F} - uf: y « G} is infinite. 


9s = Lemua. eLet {A : 


Ci wi} be an uncountable independent family of 
OL 


subsets of w. Assume each AY is a*union of n\ "sets Aue Aga! 


Then there exists an uncountable subset M of Wy and for each aeM 
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an n, with 1 nes 0 such that Lo a € M} is independent over 


{At a € M}. 


Proof: A somewhat stronger statement will be proven. Given {A a < w,} 
d : < 
an 1B, a wt such that 


(1) 


B Holes ara 
ai mete 
@) {Bi a < wit is independent over {Av a < wit 


then there exists an uncountable subset M of w and for each ae«M 


iL 
an 2) with 1 sheets such that Bedi : a ¢e M} is independent over 
a 
{A sol are M}. When B =A and B.=A_.,, we get the lemma. 
a a a ai ai 


Induction will be on n. The case n= 1 is obvious. So assume 


titer statement gis true for meyand Let Be = u{B ne lass SE < nti}. The 


ai 
eiba "s are now constructed inductively. Assume we have chosen Mi and 
O, 
N@e for see peo =such) that 
O, 1 
(1) Mo U Nv © > NN is co-countable in Wy and Mo n Nv = ys\5 


(2)y *< "a implies M 5M and Ne No 
(3)*@ for all disjoint finite subsets §F “and G™ of Mo and all 
disjoint finite subsets H and K of N, (n{B. a? y ¢ Fh on 
n{B: y « HH) - u{a: y ¢eGuk} is infinite. 
If M and N can now be constructed such that (1), (2) and (3) hold, 


B B 


then {B wee UiM: B < ws} will be independent over 


Clea ily 
{Av O € u{M, : B < wt}. To this end, observe that n{N a < 6} is 
again co-countable. For y « a{N a < B} define cy = u{B ih 

If there exists an uncountable subset P of n{N a < B} such 
that {Cc : ters P} is independent over {A : Ye Pt then by our inductive 
hypothesis for n we shall obtain what we want inside of P. Therefore 


assume that for each uncountable subset P of n{N a < 6} there exist 


disjoint finite subsets Fp and Gp he te Sree n{c: Yee Fp} = 


ee - me 1 oe 
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Ufa: YE Gp} Finite’ 
Striving for a contradiction, assume that for each 6 e n{N ax B} 
and each co-countable subset P of n{N a < 6} there exist disjoint 


finite subsets Fe elate: (Cy eha u{M a < B} and disjoint finite sub- 


6 
sets H. jand Ke ofees wih (Ris «ian ( Banaue 2 B) = 
yeF. yeHs 
uta: Ye Gu Ke} finite. Choose an uncountable subset R of aN: a < BI 
and for each 6 €R a Fx, Gs, Hy and K, as above with {H,: Sie wy 0 
lige 6 € R} being a mutually disjoint collection and Ron (u{H,: S — R} u 


u{Ke: S « R}) = @. R can be constructed inductively using the preceding 
assumption. Since there are only countably many pairs of disjoint finite 


subsets of u{M a < B} it follows that there must be two disjoint 


binitessubsets Ee) and) Got U{M a < B} and an uncountable subset 


P of R (\s) - 

of such that for each 6 é¢ P, [Bee n Ber, n B) 
yeF Ve dal 

ufa: vy 6.6 8 Ket Tsitinite. Now; for this Abe! there: exist 

disjoint finite subsets Fp and Gp of OePttwith n{c : vate Fp} - 


Ufa: Y € Gp} finite. Since n{B : Ye Fop s n{c: Y € Fp} u 


Us args 6 € Fo} it follows that 
| 
({) B n n{B > yY € Bs U Lj H }) = u{A 2: ¥ €G UGS U \) K } 
yeF yee Y 7 SeFp : Y P SeF5 : 


is finite. "This contradicts#(3)) since F* and ‘G are disjoint finite 


subsets of some M_ for a< 8 and Fp u Ly Hee and ec. Ul LJ K 
OL ip 6 y 6 
deFp SeF, 


are disjoint finite subsets of n{N dee Ne 
Consequently choose 64 €«€ n{N a < B} and a co-countable subset 


No of n{N “tS B} such that for disjoint finite subsets F and G 
OL 


of u{M Leh B} and disjoint finite subsets H and K of N we 
Oo 


B 
have that (Ba n Fea n (5) = u{A : Yee ce K} is infinite. 
yeF yeH 
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Since 6 «€ n{N a < B} it is also true that 


(\s, n (\») =aeee Ufa: ecw. Kt) 


yeF yeH 


is infinite. Hence defining M. = u{M a < B} u {6} we see that Mo 


and N, satisfy (1) thru (3). This completes the proof. 


I.10. Lemma. Let N bea positive integer. Let {A es wit and 
{Bo a < wit be two families of subsets of w such that 


UL) soreeach (oO <n. 
1 Ci 


(2) bee hess wt is independent over {A a wt Then there 


exist to: iy< wy oO. and a* tee @ with §T* ani N “trans— 


al 
versal on ee ie wi/ta, 4, ets 
il a 
Proof: lf JNe= § sproceed asifollows:  [fsior ally e¢ Bo 


| {8 < Ws? y ¢ A,} | 0) then | {8 he 3 Bo ¢ A} | < Ws: Thus there exist 


ih 


infinitely many 8 > 0 with Bo ¢ A,. Contradiction. Choose Tt ¢« B 


B fe) fe) 


with® |Mo| = we and’ +" ¢ ufaemave Mt}. thet’ ao = 0. 
fo) i O fe} fo) 


and M cw 
o— Oo 


Ib 
Temine>Ssiemethen let’ M .= 0. — {0}" and™ a ="0. 
fe) il fe) 


Assume we have chosen {a _,°***,a }, {M ,***,M } and 
fe) m re) m 


{ty H « [{0,+++,m}] } such that 


Gi) 0 < "i <n implies a, € Med - M. (Ms = w,) 

C2) SMMRGEM ER assets Mo cM , With [MI = W- 

(2), fe teal s de Ow<+i sim, Hd A} Gi u{Ap: Bees ee ale 
ie 


N ; 
Upon completion of the inductive step T = {ty He [w] } will be an N 
transversal on {B ie eS wh/{A of a ee wh. This is true since for all 
on Os 


i i 
He bln Wi dip) n{B ak Bs H} = itt; hence T intersects all N fold 
Oy 
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O. 
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exactly N AY "s namely for those i's in H. Thus T is disjoint 
3 
from all N+1 fold intersections from {A sel w}. Clearly, 
oe fe 
CU EB pal) : 
c Hoy i wt 


With this end in mind choose a € M Enumerate {H: He [{0,*«4, 


m+] 
N 
m+] }] and mt+l« H} as {H,: Lise See For aach 4 “such that 
1 <j <r choose an uncountable subset P, of M anda 1, en{B : teH,.}- 


(ofa 


then Kaa Al For if this could not be achieved then there would exist a 


sWOR< 2 <= m, it Hs} uU u{Ag: Be P.3) suchVthateite 1960) = Kee 


3 Svith® 18<"j"< r)®and infinitely many #6 4 ta, date ~ such that 


n{B 28 e Boy STA. ; OY ed, <tin Sarin HJ U A. which would contradict inde- 


i a 
d e ib = : eee A eee 
pendence et Mn a Then fo, ai {Ms “Mo a8h “and 


{t,! He [{0,+++,mt1}]"} satisfy (1) thru (3). Q 
Employing the same artifice as in I.5 Example 1, it is readily 


seen that it is necessary in the above that the collections be uncountable. 


Following P. Alexsandrov [1], two collections {A Vere r} and 
1B: y eT} are said to be combinatorially equivalent if for each 
finite subset F of IT, ata: (oe T) =) Oma mB: elt =a.) For 
each N > 2 define Dn = teeces oe ae ee can be described combina- 
torially as a collection of N sets whose total intersection is empty 
while all N-1 fold intersections of them are nonempty. 

The reader is now reminded of the following theorem of F.P. Ramsey 

n 


[28]. “Let n be a positive integer. If [w] = u{W, : acd Ser} 


then there exist an infinite A cw and an s with 1<s<r_ such 
that tle: 
I.11. Theorem. Let N> 2. Assume G is a generating set of P(w) 

: <w 
and g is a particular description of Cleve or ehla) a(G] such 


; N 
that for each Acuw, A= ug(A). Then there exist H « [P(w)] and 
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for each He H a G(H) © g(H) such that 


(1) nH = @ 


N= 
(2) tH geniit] implies! © aiGCh): Hie Hh =-0. 
In particular, {G(H): H « H} is a subcollection of G combinatorially 


equivalent to Dv: 


Proof:. For N = 2 choose two disjoint nonempty subsets H and K of 
we Choose G(H) e€ g(H) - {0} and G(K) ~€ e(k) —- {6}. Let H = {HK}. 
So assume N > 2. Let {A Qs w3 be an uncountable independent 


family of subsets of w. Pick an uncountable subset M of 1 and an 


mn < © /such that for each «a <« M, le(a,)| =n. For aeM let 
g(A.) = WEN ee a Lemma 1.9 followed by Lemma 1.10 yields 
to: d= "Wieceee for each 4m an n, with 1 <n, <n and a 


T cw with T an N-2 transversal on {A 24 < wh/tA, el SO 
ot, lee at 
Moreover, {A ee i<w} has finite intersections infinite. 

2 > ° 

iat 


N-2 
otgs (ia cas, Gay anc ¥,= {Fae Gliveeeereo DA wae? te Fie GJ. 


Ce 


» eee 
Thus eee = OIE 1 < j< xr}. Ramsey's theorem supplies an infinite 
ASora, “and-an Ss with 9 <s,< ©. such that ee ae Choose N-1 


distinct elements from A w.l.o.g. let them be 1,°**,N-1. Define 


fige aie Gata lsu N= 1. Let GUT)e= GC g and: “GAGs =PA : 
a. —- = Ss a, eleoat eke 
f di Le 
Since T is an N-2 transversal nH = 9. Since n{G(A, yee lose <a Nes 8 
al: 
and Matnase, None bees € We> all N-1 fold intersections of the G(H)'s 


for H«H are nonempty. LJ 


This theorem will have topological implications in Chapter III. Set 
theoretically it says that for any N>2 a generating set of P(w) con- 
tains a subcollection combinatorially equivalent to Dx To do this, only 


the idea of a transversal on A was needed. It is when we want to realize 


to A. . A ptsudue yayredon vane — a 


fay) =H aad 00) = 002 + Gay bas tal = 40s» 2 ido, ; 
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these configurations in a closed subbase of fw that the idea of a 
transversal on B/A proves useful. ‘This will also be extended to 8X 
where X is a non-pseudocompact space. 

The following question is left open to the reader. Given a finite 
collection of sets F anda generating set G of P(w) (a closed 
subbase S of 8w), does G (S) contain a subcollection combinatorially 


equivalent to F? 


CHAPTER II 


Breadth in Lattices 


Tila introduction...) This. chapter isedevetedsto a single proposition in 
Lattice Theory. It will be applied in Chapter IV re it was thought best 
to isolate it and prove it in its proper setting. 

The following concept is the foundation upon which Chapter IV is 


built. 


EBo2. eWeLimitions §(GarGeetebirkhotés|4).e eles. Lb bera tattice.. ethe 
breadth of L, denoted by b(L), is the smallest positive integer (if 
one exists) such that any join x Be OMe) X47 is always a join of 
Deeof the xv. 

i 


It is convenient to extend this notion to an arbitrary subset A 
of L. The breadth of A, b(A), is the smallest positive integer b 
2 ee , rs eget . : 
(if one exists) such that any join ay a, antl (with a, € A) 
is always'a join of b of the a.- It is clear that a subset A has 


breadth < b iff every subset of A with b+1 elements has breadth 


eek 


tu.o. Proposition. Let. & be a O-l1 distributive lattice. Let 


Ceres: foal. swith bix, s*¢*>x) < 2. Assume that for each pair j # k 


there are given elements a ies ane such that 


(2) “Sy A ae = 0 
()estoradistinct, 1,1. x ey 7 Vee: > LY, Xik 
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es Vi{f(F) 2 F eo [{h,-**,n})°} 9 Let x4 6 b+ Then x44 = ger (x 


anda ooupleyt <n} {x VY Aste ef) lea2: 


Proof: For brevity we write j in place of = and jk) an place sof, x 
We use the following frequently without mention throughout the proof. 
eevee fev ko Sand? (yk = 4 
- POGed LSCinCh sal, i. mee ee eV lol et eee 
= formetecwes 4k ¢ A. implies kj <A; 
The proof is divided into four parts of progressive complications. 
Toate ned b= ay ((n+1) Vv A,) follows from condition (2) and the dis- 
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a contradiction, assume b{a,(ntl) VC, (n+l) vE} = 3. Thus there must be 
edy<)G Sand) eer) < Eo with cd ¢ SN i ea ¢ av. C scand ae ¢ GIVcEse This 
implies that dc < E and.) fe0<) CG.) “Note that a,c,d,e,f may not all be 
distinct. Certainly a¢ {c,e}. If ea<C then aVC>e. Therefore 
ae < C. Similarly ac < EE. 


For the moment assume a=f. If c= e then avVEo>c. There- 


foremcus eamlt ce sb then a Vv Ee asVieaty ce = ceo aiherelore 
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(ac VcaVeaVec) V ae 2 a. Therefore 


rab) 
H 
Qu 
tt 
Fh 
jan 
job} 
IA 
tA 


Vv 


then, C V EB 2 (aeVea VidaV de) VY @d Veac 2 4a. There= 


IV 


fore ,ad s_E. Hence GvVE Cd VadiGaveacGny sade aan WeEconcludeme hat 
It ati Je then, Gv Eb. 2 ef av fe Vi ae Veat >saq elheretores, ta = E. 
Nowe alV EBe204a iota V ef 2 agy fy en « Therefore, @ sis distinct, trom 
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Therefore d*#e. If de<= E then CVE 2 (ef VfeVvdevdf) V ed V ac 


IV 


féh5 
Therefore ed< E. Hence CVE 2 (cdVdcVecVed) V ae = a. We conclude 


Bia,Gittl) VC. (tl) Vv E}s 2. 


Pat yes, PLety aA, CoE) Vc {A,: fle. bow Stuivineston se contradiction, 
assume b{(ntl) v A, (ntl) v C, (ntl) v E} = 3. Thus there must be 
abi eeA, ecdes Ci and ef Fo with ab ¢ CVE, cd AVE and eitaAgy C, 


This-implies that ba =iC AE, dc s A AjE gand » fess.A A CG. 


Statement 1. {a,b}, {c,d} and fe,f} are disjoint doubletons. 


Proof: By symmetry there are three cases to consider. 
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tH 
Fh 


Case (i) - Assume a=c. b#d since ad ¢ A while ab 
bdestcrmethen AV C#="(adVda Vibavibd) "ab 2 bev avd. If db = C then 
AY Cee (abVbaVdavVdb) V ad 2 dv aQv bo) Consequently 7a,b,d5e" are 
distinct and ae Vv be Vde< AAC. If a=f then AVE 2 (efvfevbdevbf) v 
abvs a. | Therefore a“ f. ‘If af = CVE sthen’G.Y E.e et. Vv fe Voae Vv atv] ay 


Therefore fa<CaAE. If b=f£ then A V-E 2 ef V fe V ae V af 2 a. 
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ae therefore: “bf < AvA EY “Hence™A. V"E 2" (ef'V fe VbeV bf) Vi ab = a. “We 
conclude a#ze. 

Case (ii) - Assume a=d. b*#ec sinte ab ¢tE while ac<&k. If 
be, 476 “then "A"v C 2 €ac Vea'V.baV be) V ab = bv a@Viel Tf “eb s*C then 
AeveG 2) (abv ba’ caVich)9V ac®= € Via V8 be Consequently asb.,c,e are dis-— 
Einctsands aeaqv beyV ce.saA A Gieslfs c = & pihengeGeVeleceet VY femveneav 
aisz a. Therefore, c * £.. If; cf S.C. «theny Cov¥uku= (efiv.fe ViceV cf) Vv 
aGt=.4. eLherefores fc. C..,lf .a = £& then Gevokn2) (ae Vv eaw caw ce)nv 
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Case (iii) - Assume b=d. az#e since cb ¢ A while ab 
Degeace-eCeechen oA VG 2 iCbc V.cb.V ab.Vaac) (Vedas anid Vec. Vit) ica cee 
then AVC 2 (abVbaVcaVcb) V bec 2c VY bV a. Consequently a,b,c,e 
are distinct and ae V be V ce SAAC. Tf a= £ then A V E = (aeVv Gav 
baswvsbe)ve abiVece 2 c@. ‘Therefore. <a 2ef. eli. vat -= Ei ethen, CeVek ie er V 
fouveaa Vlates a. - Therefore -fe-={ EB. Lio b= tf othen wAeyY ES ibe: V 
ebVeab Veae) V ba Vv ce 2c. ‘Therefore b +°f£. §1f “fb.= E. then 
IVE = §(Cab.V ba Vita Vib)’ V ef V ce 2c. siherefore sbf i= EK. | Hence 


AV E2 (efvfeVbevbf) V ab V fa V ce 2c. We conclude bed. JU 
Statement 2. x « {a,b,c,d} implies x ¢ AVC. 


Proof: Assume Statement 2 is false i.e. there exists x « {a,b,c,d} with 
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BeeVEDee= AAT Cu elf af sutoathen aC LV uh oepetuy, fe.V aeeveat: = a, 
Therefone,  farcak (if afb. < 2 eithen sAaV Ee (abv baw avilb Veet Veae > 
Eevecev-a. ep thtesbi </E “then” AW E 2 (ef Vitev bev bi): Viabev. tat bevi av 
rY-e. Consequently AV E2avV eV £.  Theretore ac V €¢ V fe = A AE. 
die Ady sO) \then ~C VE 2 ed Vv dev ac.V adie a. DPherefore: da = C; 


Hence “A ViCre2 a. V da V cd V ec 2 et We conclude x 2A VC. 


Gase (11))-— x «€ te,d}. Then A V’C > ed Vv de®v x= civ d. “There- 
fore ca Vcb<SAAC. Otherwise the problem reduces to Case (i). It 


follows that A V E = ab V ba V ca V cb 2 c. We conclude x AVC. ff 


Statement 1 tells us that we may use condition (3) of our hypotheses 
on any i,j,k since they are in fact distinct. Statement 2 tells us 
that once there existsan xe fajb;c,d} “with~ x*2"A V"G" "a “contradiction 
has been reached. 

Assume 4dp <0 A. @ If @ darstA v C ther ® A Vic t284b V8ba "vada Vedbs=d. 


Thererore. vad eseA sAaGe lt mac = AlTVEeG sthen =n VeG = cdeVadceVeacHveads= a. 
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THereroremsca = AvAJC. Clit  icb SJA.V CC othengen VC l21abp aViba Veca Vucbe= 2c. 
Thererore apc es AwNuGe LE lsbd =.6 then eaey. Goo ced iV ocaYv, be. Vevdre Dp. 
Theretore’ db = C. Hence A 2 be V ca V ad V db V ab VV de Vv fe and 


CG 2 be V ca V ad V db V ba V cd V fe. Analagously, 1f bd = A then 


Vv 


Reese bdeVve daeveac Vo cb Vv ab Vv de ¥ fe, and | Cre shad Vi da vac Vv cbeyv Dany 
cd V fe. Note that up to now we have not used the order conditions (4) 
of the hypotheses. This allows us the freedom to identify these two 


ea Bre: 
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cases under the permutations 2 Tee eeee CA ah Consequently 


we focus on the following situation: A = be V ca V ad Vv db V ab v de v fe 
C2 be Vea Vad V db V ba Vcd’ Vv fe. 


It is at this point that we use the order conditions (4). 
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d¥< a then Avy 'C 2ibaeveab. VY adev de™2 a Contra- 
if? awed) then  ‘Ge2sbanv,ade=*b., “Contradiction. 

a." Then ~A 2 be Vcal’2eb. Contradiction: 

Der Then, At= ca V-ab 2c.) Contradiction: 

ae) ff Yd" <*b “then Ceerdbay) ba 2 .dres Contradiction. 
de save then ApVaicr=  cdave decay) dbevebalzkd. sContra— 


Tt) Vae<ed “then” Al] calvVead ='c. Contradiction. 


Having reached contradictions through all possibilities, we conclude 


b{ (nt1) V A; (ntl) VC, (tl) V E} <2. This completes the proof. [J 
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CHAPTER III 
Supercompactness and the cardinal function a 


III.1. Introduction. A family of sets is centered if every finite sub- 
collection has non-empty intersection. A family of sets is linked if the 
intersection of every pair of its members is non-empty. Alexander's 

lemma states that a space X is compact precisely when X possesses a 
closed subbase such that every centered subcollection has non-empty inter- 
section. Paralleling this lemma, J. de Groot introduced the following 
definition in [11]. A space X is supercompact if X possesses a 

closed subbase such that every linked subcollection has non-empty inter- 
section. Such a subbase is called a binary subbase. By Alexander's 
Teens every supercompact space is compact. 

Examples of supercompact spaces are plentiful. For a good intro- 
duction to supercompactness see A. Verbeek's book on superextensions [35]. 
It is shown there that any Tychonov ¢<pace can be naturally embedded in 
many supercompact extensions. Every compact ordered space is supercompact 
by its left and right rays. A space is treeltke if it is connected and 
every two points can be separated by a third. Brouwer and Schrijver [5] 
and J. van Mill {20] have shown that all compact treelike spaces are 
supercompact. De Groot proved that all compact polyhedra are supercompact. 
He conjectured that all compact metric spaces are supercompact. Several 
mathematicians - J. O'Connor [26], Strok and Szymanski [33], J. Martin and 


I. Rosenholtz [17] and E. van Douwen (in preparation) - have worked on 


this conjecture. 
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Products of supercompact spaces are again supercompact. Thus all 
Tychonov cubes Te and all Cantor cubes 2% are Supercompact. Super- 
compactness has been instrumental in topologically characterizing Tychonov 
cubes and products of spheres, products of compact ordered spaces and 
products of compact treelike spaces. See Szym4nski and Turzdnski [34], 
de Groot and Schnare [12] and J. van Mill [20] respectively. In another 
vein, J. van Mill [21] has shown that the superextension of I is the 
Hilbert Cube, thus answering another conjecture of de Groot. 

In [11] de Groot raises the question "Are all compact Hausdorff 
spaces supercompact?" At the time, A. Verbeek had an example of a 


compact T non-supercompact space. We answer this question in the 


1 
negative. Not only are counterexamples produced but positive implications 
are proven. Let 8X denote the Stone-Céch compactification of xX. The 
following is shown: 8X supercompact implies X is pseudocompact. 

Hence, neither ®N, 8Q nor §8R are supercompact. This theorem is a 
particular consequence of a more general result which encompasses the 

case when two is replaced by any larger integer. Later in this chapter 
we investigate the cellular properties of a supercompact Hausdorff space 
and supply examples of first countable compact non-supercompact spaces. 
For supercompact spaces, the cellular results are much stronger than the 


previously mentioned theorem, however they do not generalize beyond two. 


Finally, a brief look at the Vietoris topology ends the chapter. 
It is convenient to introduce the following cardinal function. 


III.1.1. Definition. Let X be a topological space. a(X) is the least 
cardinal « for which there exists an open subbase S of xX with every 


cover of X from S having a subcover of size < k. Equivalently, 
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a(X) is the least cardinal « for which there exists a closed subbasé 
S@pof |Xgesuchy that each subcollectionadS! sole Se witheenS!.= @ has a 
subcollection S" with nS" = @ and |S"| <«. In either case we say 


that ‘S realtzes a(X) =x. 


Clearly a(X) < 3 iff X is supercompact and a(X) Sow tf boeken is 
compact. It is tempting at this point to relate the Lindeléf property 


to a(X). The author thanks John Ginsburg for his comments on this matter. 


tiie lece web roposition. Leta > 2. If for eachwak auk a(X, ) ais 


then a I x, cK. 


keK 


Proof: The proof is given for X x Y. The general case is identical 
only messier. Suppose X has a subbase S and Y has a subbase T 
such that covers by members of S or T have subcovers of size < k. 
Let U= {Sx : Ss « S} u {x xT: Te Tl}. Then U is a subbase for 

X < Y. We claim covers by U have < «k subcovers. For, let 

{s, 2 MENG TI U {x x oh je J} cover X Xx Y. Then either 

XxX c u{S,: ah ES T} On Pax © u{T,: ie J}. For 1f not, there exist 

x, ¢ X - u{S,: ine eeand Tae a uit: j apts But then (x5 0¥,) 

is not included in any of the sets 5B * Yeon, Xex i Suppose w.1l.o.g. 


that xX ¢ ufS.: ie I}. «Find 1, ¢ 1 such that |I,| <x* with 
StS, = 


Me 1! 


X c u{S,: Love oni Then 1S, ae aan 164 is a subcover of size < kK 


as desired. 


Now, one sees that [a(X) <5) 1£f- 0X Sis Lindel b&) Stsefelsews Let 


Y be the Sorgenfrey line [32] and X= Yx Y. Y is Lindeldf, hence 


OY)" < W4 and thus a(X) < 4 by the proposition. However as is well- 


known, X is not Lindeldf. 
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It will follow from Theorem III.2.2 that a is not monotone even 
for a closed subspace of a compact Hausdorff space. More explicitly, 
ac) = 3, 8N is a closed subspace of 1° put a(BN) = w. 

It is particularly interesting and in the spirit of de Groot to 


look at spaces X for which a(X) is finite. 


t 


III.1.3. Example. For each 3 <n<w, we construct a compact Ty 
space X(n) with a (x(n) } =n. X(4) was originally constructed by 


A. Verbeek [35] as an example of a compact qT, space which was not super- 


compact. The construction is an obvious extension of his idea. 
Let Py9Po2°° "Py be ae distinct points. Let P, = w x {p,}. 


Our underlying set is X(n) = P, xu) i pe.p. ects pee la Form ourstopology, 
jai (i eee n-l 


n-1 : 
points of a P. are isolated and U is a neighbourhood of Py shige 
i=1 


J (P.-U) is finite. Thus, as a sequence, P. converges to each Ps» 
jeu 


where j is different than i. 
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A) a (X(n) ) <n. 

First we note that X(n), being the union of finitely many convergent 
sequences, is compact. We define open sets as FOLLOWS: FetOreel al soe. 
and, k> 0, let S,, = {p,} U {(2,p.)s Peek eee ae aod 
oe Mia LJ PB. U i(2, peak ki.) Letwso= 18), 0 eit ot soa: 


jai . 
k > O}. Then S is our required subbase. That S is a subbase follows 
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From an arbitrary cover of X(n) by members of S, we first extract a 
finite subcover and from this an irreducible subcover. If the reader 
makes the following observations 
meroreecach esi <n-15,. {Si 1c) k 250) seand sel e oke> 0 eare 
ee ik mt ik a 
both chains under inclusion. 
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She or he will conclude that our irreducible subcover has the form 


X(n) = Loan, Wa,, where A UB = {1,2,***,n-1} and ANB = @. 


icA Si jcB 


Hence, the size of this subcover is n-1. What we have shown is that 


every irreducible cover of X from S has exactly n-1 elements. 


B) a(X(n)) 

It suffices to show that for an arbitrary subbase S of X(n), 
there is an irreducible cover of X(n) from S$ of size >n-1. For 
Cache ict, Sand) -x ¢ P. U tp, j 2 i}, there exists finitely many 
members of S, each containing x, whose intersection misses 


Pyiu tp, j # i}. Hence, one of these, S(P, 5x) has the property that 


it misses infinitely many members of Pi> : Oa ‘P j¢zeik a S(P, 5x) =, 


while x « S(P, x). Consider S(P,>P,)- Since P, € S(P,5P,)> there are 


only finitely many points in | Je. that are not in S(P,5p,)- Denote 
jzi 
them by Soyo =a . Then \ Je. c S(P, Py a S(P, 2X) _) VO a TG cee vs 
af afta 4 
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som) > n-1 are needed to cover X(n). [ 


The question of whether there exists a compact Hausdorff space X 


with oa(X) =n for 3 <n <w is postponed till later in the chapter. 


TII.2. Stone-Céch Compactifications. Let X be a Tychonov space, 8X 


the Stone-Céch compactification of X and 2Z(X) the collection of 
zero-sets of X. Two subsets of X_ said to be completely separated if 


they are contained in disjoint zero-sets. 


Remark. At this point, let us note that if S is a closed subbase for 
X realizing o(X) = « then w.1l.o.g. we may assume that S is closed 
under finite intersections. Also, a collection S, closed under finite 
intersections, of closed subsets of a compact space is a closed subbase 
iff for each closed set C contained in an open set U_ there exists a 


fintte subcollection. & “Of (5S. such thats Cec UF oe U. 


TII.2.1. Lemma. Let S_ be a closed subbase for 8X which is closed 
under finite intersections. Let U and V_ be completely separated 
subsets OL =X. Then there exist a finite’ S°9@°S and a Ze Z(X)) with 


Upe US!oc Ch yd and ZnV= 9. 


Proof: Let {Z,»Z,} ¢ Z2(X) such that UcZ,, VeoZ, and Z, n Z, = 0. 


Tera i7, Zalegec(<) « such@uhatmeca eZ aceO hme Zmuied,—| anand (172 WUcie— x. 


1 
= To ZeUCl ee Oke Geteaetinice 
Hence Cho yZ n Cha yZy @ and C Bx Bx 
v - Rie, ee el A 
SScesw suchathat ChayZy SUS eS eps Choy is ae BX an are 


as required. [J 


TII.2.2. Theorem. If a(8X) is finite, then X is pseudocompact. In 


particular, for X non-pseudocompact BX is non-supercompact. 
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Proof: Assume a(8X) = N with N> 2. Let S be a closed subbase for 


BX, 


closed under finite intersections, realizing a(fX) = N. Striving 


for a contradiction, assume X is not pseudocompact. 


be a subset of X 


HOpeRe with fcc, Je = ne Define “Cesc x! en = ea: f (x) 
n n 2 


Lee G ="tce.> n= wt 
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such that there exists a continuous map f from X 


=) 1 +5}. Then 


C= {Cc : n<wt is a disjoint collection of cozero-sets of X with 


(e 
n 


S 


C, and such that for each A a, {ce : ne A} and" x= vic: me At 


are completely separated. 


For each A ¢w apply Lemma III.2.1 with U = {c 


= ne A} and 
n 


V=X- u{C : ne A} to yield a finite S, CUS" and 2 Zz, € Z(X) with 


{ec 
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LECSNC}e eS S, and Acwh} and g: P(w) > rap 


by g(A) = 


{£(S nC): Se S,}- Then A = ug(A). Theorem I.11 implies there exist 


H «€ [P(w) 1% and forseach “He Ha “G(H) “e"e(H) such that 


(1) nH= 96 


CZ) flOPe fae implies n{G(H): He H'} z QO. 


For each H eH choose S.« Sy such that G(H) = £(S 


The 
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Contradiction. {S.: H « H} contradicts S realiz 


(a) n{S.: He H} 


In 


n{CcLr Z53 H « H} 


ia 


cx(n{z,: He H}) 


|n 


ce(n{u{c_: n ¢ H}: H « H}) 


Q. 


(bh). Let 7h’ «€ pele and ne n{G(H): H ce H'} = 


Then ce nis: H eat "ts 
n H 


Arriving at this contradiction we conclude that X 


770: 


ing a(X) =N. 


n{f£(S,,nC): He H'}. 


is pseudocompact. [J 
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If X is the Tychonov Plank, ie) SOX a= (10,0, ] x [O0,w]) - {(w, »w)} 
then 8X = [0,w, ] x [0,w] which is supercompact, while X is pseudo- 
compact but not countably compact. Hence pseudocompact cannot be 
strengthened to countably compact. 

The theorem determines the exact value of a for the following 
spaces: a(8N) = a(8Q) = a(fR) = w. 

BN is a non-supercompact subspace of Tas which is supercompact. 
Hence supercompactness is not a closed hereditary property and a is 
not monotone. 

An extremally disconnected (E.D.) space has the hue tes that dis- 
joint open sets have disjoint closures. These arise quite naturally since 
in the category of compact spaces and continuous maps these are precisely 
the projective elements. A compact Hausdorff E.D. space is the Stone-Céch 
compactification of each of its dense subspaces. For a proof of this, the 
reader is referred to Gillman and Jerison [10] pg. 96. Since no infinite 
Hausdorff space can have all of its dense subspaces pseudocompact it 
follows that an infinite compact Hausdorff E.D. space X satisfies a(X) = uw. 

All compact non-supercompact spaces derived from the above theorem 
have cardinality at least Oe" They all contain a copy of 86N. The next 


section produces smaller examples. 


III.3. A Cellular Constraint in Supercompact Spaces. Further work on 


supercompact spaces X (a(X) < 3) has since been done by Eric van Douwen 
and Jan van Mill [6]. The author expresses thanks to these two gentlemen 
for sending copies of their work. They have proven the following two 
theorems: 

[A] (J. van Mill). Let X be a supercompact Hausdorff space. If 
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X then for all countably infinite subsets K of Y all but 
countably many cluster points of K are the limit of some non- 
trivial sequence in Y (not necessarily in XK). 

[B] (E. van Douwen). Let X be a supercompact Hausdorff space. 
Then no closed neighbourhood retract of X is homeomorphic to 
any compactification of a K-Cantor tree (cf. M.E. Rudin [29]) 


where w<k <c. 


We remark that J. van Mill used [A] to give a different proof that 
BX supercompact implies X pseudocompact, furthermore he showed that no 
infinite compact F-space (disjoint cozero-sets are completely separated) 
is supercompact. E. van Douwen used [B] to construct a compact Hausdorff 


non-supercompact space of cardinality w and a compact Hausdorff non- 


1 
supercompact first countable space of cardinality c. However, there are 


compact Hausdorff non-supercompact spaces which are not covered by these 


results and it is to this end that this section is devoted. 


III.3.1. Lemma. Let X bea subspace of weight kK of a space Y. Let 
iS Aa Oe ae ead {U3 Se ele oe open sets of Y such that 
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to show that for each m> 2, |{a<kx:a¢ DI < «. For then, just 


choose 0 « n{D: m > 2} and the corresponding finite collections to 


Eo omeLOx men > 1. To this end the proof for D is given, 


make up the U 
n 3 


the general case is identical only longer. 
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3? a contradiction. Consequently 


III.3.2. Theorem. Let X be a supercompact Hausdorff space. If K is 
a closed neighbourhood retract of xX, then for all dense D in K, 


c(K-D) < w(D). 


Proof: Let S be a binary closed subbase for X that is closed under 
finite intersections. Let r bea retraction of an open set U onto K. 
Assume w(D) = « and choose a dense subset E of D with (Ed as Kis 
+ 

Striving for a contradiction, assume c(K-D) > k. Let {C3 OFS Re ome 
an open cellular family in K-D. Pick Py € Cy and since K is regular 
choose an open set ie of Kigsich that Py € Ne and CL WS n (K-D) eat 
Using the normality of K, find EY c¢ E and open sets vs and Uy of K 
such that Py € CLE. Ue © CLV isa c Chu = Notice that CLE 

" saith : 
is a closed set of X contained in the open set r Cpa) of X. Using 


ceil. 
the fact that S is a subbase, get S,¢ S such that S,cr (Vv) and 
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Gls wolhovpssassume there exists £ © alvuce <1. 
0 


+ 
OTe Gece <: Ke, CLA n CLV, is a compact subset of D, for if 


not, then it would meet K-D which is impossible since Cy nC, = @. 


It follows from Lemma III.3.1 that there exists {U_: ne Of; = {U a < et 


such that sup{m: Us contains all 2 fold intersections of m CLV 'Ss 
n eal = WwW. Because CL LW n vic UL N (K-D): n Ss = 9%, there exists 


U open in K_ such that Un Chew = and UCR U MCRD) in eee Us 


Fox rsnac |e pick an € (UNF ) - US: This is possible since U is an 


open neighbourhood of ane ae CY Ee and Un En n US is contained in 


K 


the compact set C& we nN Gz 


U Of De Nottcentnat 
K oO 


K 


Che Secs alee all S CLU © Ch (KCl Ww) eK We OK "C2 Ul 


Thus, CLt{t: n > 1} is a closed set of X contained in the open set 

r*(K-Cl,U) of xX. Hence, there exists {S53 ee Secs Ss with 

ClaLh een ie ee ULS 2 lL ae < Ke mare ec) U™.. Chooses K+], (CR2V 75 
KRoeen a oe af oe ear a Ko Kn 


such that Us contains all 2 fold intersections of the CLV IS. By 


the pigeon hole principle, there exist n *#m and an 1< i< k_ such 


that eat mes 4 and C2. Vee nace 
n?’m — i n 


V Uae 
K m = oO 


K 


The Contradiction. {S58 5,3 is linked yet has empty intersection. 
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compactification X of a x-Cantor tree (w <k <c) is a compactifica- 
tion of N with c(X-N) > w while w(N) = w. Both [A] and this theorem 
show that for X non-pseudocompact, neither ®X nor 8X - X (when X 

is locally compact) are supercompact since in this case both 8X and 

8X - X contain a neighbourhood retract homeomorphic to BN. To see 

thine ler a Te< Wh). {c : n < wt and {Z n < w} be three collections 
of non-compact zero-sets of X, cozero-sets of X and zero-sets of X 
respectively, such that 


Cy corecacht = n= Ws Ze iS GY CZ 


C2)r*ior n- 1, Z ne 349 
n m 
(3) ror each © "A *c 0, Or is a zero-set, Gy C is a cozero- 
~ n n 
néeA neA 
set and Z is a zero-set. 
néA 
Then eed u ( bose Gheose vemseG: and pure Cl a2. 107" 
n n n n n BX n n 
n<wW n<w 


* 
te: n < wh (ip: n < whi) is C -embedded in X (8X), hence 


: n < wt) is homeomorphic to BN. The map 


CL te: jah (C&P: 


BX 


r: BX - Cha (x ~ ) c) a Cha tc: n < wi defined by r(p) = 


n<W 


n{ce,{c_:n«€ A}: o Z e¢ p} is a retraction of an open set of 8X 
BX on eS 


onto a copy of ®6N. The map r': (8X-X) - Chay (X = L) c) ~ 
. n<w 


‘ ' = ; : 4 
Cha tp: n < wt} defined by r'(p) n{CL,.{P n € A} y, zé p} is 


a retraction of an open set of BX - X onto a copy of BN. 


Tii.323- Example. In the theorem, cellularity cannot be replaced by 
spread. J. van Mill [22] has shown (in particular) that there exists a 


c ; a 
supercompactification YN of N such. that. yN-- N.=.2..) Since, 2 con- 
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tains a copy 


of 


BN, 3 (2°) =c. Hence, s(yN-N) € wiN). 


TIE 324. eee In the theorem, weight cannot be replaced by density. 


Let BN te acopy of BN in a Let D=NuU (2 = ON)4 Then D is 


: Zc 
open in Zz 


c(6N - N) Cc. 


and therefore separable i.e. d(D) = w. However, e(2¢-- Dd) = 


Hence, c(2°-pD) £ d(D). 


Our concern now is to give examples of compact Hausdorff non- 


supercompact spaces not covered by [A] or [B]. They will all be first 


countable compactifications YN of N such that YN -N _ is connected 


and locally connected. We use the following result of E. van Douwen and 


T.C. Przymusinski [7]. 


[Cc] Let 


B be an open base for a compact Hausdorff space Y with 


|B] <c, YeB and @ ¢ 8B. Assume there is a function 


h: B + P(N) such that 


(0) 
(1) 
(2) 
(3) 


h(Y) =N 

h(B)w is infinitesions Baca 

if A,B ¢ B are disjoint, then h(A) n h(B) is finite 
ifieeAtenB vandgif §F cub isatinites, andgish A eyury 


then #h(A) — Win(B)s Be Fy is) finite. 


Then there is a Hausdorff compactification yN of N_ such 


that yN-N and Y are homeomorphic. Furthermore yN is 


first countable if Y is first countable. 


Indeed, as the authors show, the family {B U (h(B) - F) : Ble. 6, a8tc N 


finite} u {{n}: n « N} is an open base for the required topology on 


YN =N #Y. 


We introduce the following construction which generalizes the 
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Alexandrov duplicate of a space. Let f: X > Y where X and Y are 
Ty spaces. Define XfY to be the space with underlying set X x Y 
and topology as follows: Basic open neighbourhoods of (x,y) where 
y @ £(%) aré Of the form {x} x lu, ~ {£(x) }) where Bs is an open 
neighbourhood of y in Y. Basic open neighbourhoods of (x, £ (x) ) 
are of the form [CU — {x}) ~ Y gue isc x Ve (xy! where U,. 


is an open neighbourhood of x (£ (x)) bre GOO sy O.G@eae pkey fl T) space. 
Properties that XfY inherits from both X and Y include compactness, 


Hausdorffness, connectedness, local connectedness and first countability. 


Furthermore, the following cardinal inequalities hold if |y| > 1; 


o(xify) = |x 


ssc (Y)) ‘and’ wOGfy) = |x *w(X) - w(Y). 
Recall that a space X is sequentially separable if it has a 


countable dense subset D_ such that every point of xX is the limit of 


some convergent sequence of points from D. 


ELE. 3.9.) Proposition. Let X be an infinite sequentially separable 
compact Hausdorff space with no isolated points anc Y be a separable 
compact Hausdorff space with no isolated points. Then there exists a 
Hausdorff compactification YN of N such that yN-N and XfY are 


homeomorphic (for any f). 


Proof: Let U bea base for X with |U| c, ®@¢U and V bea 


[A 


base for Y with |V| <c, 6 ¢V. Since X is sequentially separable, 
note that |X| <c. Define BS = {{x} x (v - {£(x) 1): = ex © Vieeand 
B, = {[(u- {x}) x ¥] Uy [Teh eV | so ce eUmeeUs Mand get (x)oe Vike V}. Let 

B = Bs U B, u {xfY}. B is a base for the open sets of XfY with 

|B | <c. Let D be a countable dense subset of X rendering X 


sequentially separable and E be a countable dense subset of Y. Let 
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g: N>D bea bijection. For each x € X choose a non-trivial sequence 
tie: kt< whe D® such? that (a7) converges to x. Consider 

Ny = {n: gti)? é tdi: k < wh}. {N: % le x} is an almost disjoint family. 
Por Gach H% &€ X;  1ét gt Ne +E  bé 4 bijection. 


For x € X and VeV define 
h({x} x (v - {£(x)})) = {n: n € Sle and g_(n) e En v}. 
Por x <.U <© Ulvand f(x) e« Ve V define 


h({(U- {x}) x¥] uv [{x}xv]) = {nin ¢ N. and g(n) « Don u} u 


{n: ne Nand g, (n) eer envi. 


Define h(XfY) =N. It is now a straightforward exercise that h: B > P(N) 
satisfies all the hypotheses of [C] and thus there exists a compactifica- 


tion YN of N such that yN-N and Xf£fY are homeomorphic. U 


Hence if X and Y are infinite Peano spaces (compact, connected, 
locally connected metrizable spaces) and f: X > Y is an arbitrary 
correspondence, then yN where YN - N= XfY is an example of a com- 
pact Hausdorff first countable non-supercompact (since c(XfY) = c) space. 

We remark that two further examples can be found in the theory of 
lexicographic order. Consider the long line and the lexicographic ordered 
square (cf. S. Willard [37]). Both have cellularity > w and both are 


remainders of N in some compactification. These compactifications aren't 


supercompact. 


III.3.6. .Example. A compact Hausdorff space X with a(X) = 4. 
This example is the complete c-Cantor tree compactified by adding one 


point. Let "2 = {f: f: w > 2} and O20 = {f: there exists n<w and 
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Let os! (Cf a= {f|n: n <w}. The topology on T is as follows: Points of 

“2 are isolated ani neighbourhoods of f « "2 contain f£ and all but 

finitely many members of I(f). T is first countable and locally com- 

pact. Let xX be the one point compactification of T. Since w(2) = W 

and c(X - Y2) = c. it ,;follows that. x, is not ¢supexcompact, i.e.  ,a(X) > 3. 
For f¢°2 and n< Oealet e6(f.n) elf uU [ei iouun Sok s-su Loe For 


a finite subset H of e 


2 ¢ Leta S (i) 2X 2001S (£0) ote Heeler 

we {S(£,n): as We ee ay w} U {s(H): H is a finite subset of Al U 
{{g}: g « “2h. S is.a closed ysubbase for .X — realizing ,o(X), =4. 4 That 
S is a closed subbase is true because X is compact and 0-dimensional 
and each clopen set is a finite union of members of S. Let S' cS 
with nS' = 9. By compactness, there exists a finite S" c S' with 

nS" = §. If S" contains a singleton, then there will be two members of 
S" which are disjoint. So, essume S" does not contain a singleton. 
The following facts are easily verified: 


Fact 1. {S(£,n): fe "2 and n< w} has the property that the inter- 


section of three is actually the intersection of two of them. 


n 
Facte2'2°S( £8, neds (6.5 ne) ec ) S(g.,0) implies there exists 
—SS—= Taal Zoe ee ree i 
ieee Se moticiiat iat S(£,>n,) n S(f£,.n,) © S(g,,0). 


n 
MACE Nooo Lf ,il) Eco implies there exists 1 < i< n_ such 
i=1 


that.. o(f.n) © S(g,,0). Actually, f£ will equal a 85° 
Facts 1 thru 3 lead to, an at most, three element subset of S" whose 
total intersection is empty. This shows a(X) < 4. Combining the two 


inequalities, we conclude that a(X) = 4. 
This example also shows that a(X) < 3 in Theorem III.3.2 cannot 


be strengthened to a(X) < w. The author has not been able to generalize 


this example beyond 4. 
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LL. Supercompactness in the Vietoris Topology. Our attention is now 


diverted to the exponential or finite topology of Vietoris [36]. The 
author would like to thank A. Arhangel'skii for his motivation in this 
direction. An excellent background on the Vietoris topology can be found 
in E. Michael's paper [19]. For a space X, let Exp(X) denote the 


collection of all non-empty closed subsets of X. Let <U 285 Ue ES 


ie 
{F « Exp(X): F S1iuge ios ifs nii@end forweachaiileaivain, GF mevy a p}. 
Then {euqe oy UL>: POT et cele U, is open in x} serves as a 
basesrorgthe open sets of (Exp(X) efor) 7A ce xy slete ExpG@) = {F ¢ Exp(X): 
F EEA Then Exp(A) is open (closed) in Exp (X) if A is open 
(closed) in X. In [19], E. Michael has shown that Exp(X) is compact 
Hausdorff iff X is compact Hausdorff. 

Let X be compact Hausdorff. If Y is a closed neighbourhood 
retract of X, then Exp(Y) is a closed neighbourhood retract of Exp(X). 
VTorseenthis,, let. r+: U > Yo bea Sees of some open set U of X 
onto Y. Then the map r': Exp(U) > Exp(Y) defined by r'(F) = {r(x): x « F} 


is a retraction. Note that F is a compact subset of X contained in JU, 


hence r'(F) is closed in X. 


The following gives a necessary condition that Exp(X) be super- 


compact. 


Tidy. ali @eProposttion:) Let Exp(X) be a supercompact Hausdorff space. 


Then for all D dense in a closed neighbourhood retract Y of X, 


c(Y-D) < w(D). 


Proof: Let V be an open set in X which retracts onto Y. Let 
C(D) = {all compact subsets of D}. Then C(D) is dense in the closed 


retract Exp(Y) of Exp(V) (actually the finite subsets of D are 
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dense in Exp(Y), however this subspace is too small for our purposes). 
Hence, by Theorem III.3.2, c (Exp (Y) - C(D) } < w(C(p)). But c(Y-D) < 

c (Exp (Y) ‘- CD) je. To see this, note that if U is a collection of open 
Bets /Or Yo such that {U0 in (V¥=p): Uriel} dfs celitular tn Y-D, then 
{Exp(U): U ¢ U} is a collection of open sets of Exp(Y) such that 

{Exp (U) n (Exp (Y) - C(D)): u € u} is cellular in Exp(Y) - C(D). Also, 
if B is an open base for D, closed under finite unions, of cardinality 


w(D), then 
{<Int,(C2,B,),°++,Int,(Ce,B_)> 0 C(D): {B,,+**.B } < BI 


is an open base for C(D) of cardinality w(D). Hence w(C(D)) = w(D). 


Consequently, c(Y-D) < w(D). UO 


It now follows that spaces like Exp(8N), Exp(8N-N) and Exp(yN) 


(where yN-N is the long line) are non-supercompact. 


III.4.2. Outstanding problems in Supercompactness. Considering 
(a) The spaces 2 are the simplest supercompact spaces, 
(b) All the T, continuous images of Q- Vare supercompact (i.e. 
all compact metric spaces), 
(c) For X non-pseudocompact, 8X is neither dyadic (a continuous 
image of some 2) nor supercompact, 
the conjecture that all dyadic compacta are supercompact is reasonable. 
Note that [0,w,] is supercompact but not dyadic, so these two concepts 
(both relating to the number 2) are distinct. The question whether 
supercompactness is transferred to continuous T, images is unsolved. 
Indeed, it is not even known if X x X supercompact implies X is 


supercompact. Also it is unknown whether supercompactness is passed 


from a space to a closed Gs subspace or to a neighbourhood retract. 
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CHAPTER IV 
Breadth in Topological Spaces 


IV.1. Introduction. While the cardinal function a (X) defined in 
Chapter III is productive, i.e. af 1 x,| < sup{a(X,): Ieee tadc 
not monotone, i.e. Ac X does coekiaene a(A) < a(X) necessarily. In 
this chapter we look at a related property which is monotone but not 
productive in the above sense. 

Consider the usual open subbase for the closed unit square i 
Seae (05a) oe Orono) uit Cah ex 1 20 0 <1) UT al 0,0) 30 aa id 
(xt (0514): 0 tomas) S renders 1? supercompact, i.e. every open 
cover of ta from S has a two subcover. Looking again at S, we see 
that it enjoys further properties. In particular, S, being the union 
of four chains, satisfies the following: Every union of five members of 
S is actually a union of four of them. Can we do better for 1°? Sure 
we can. te is homeomorphic to the two-simplex. Take the subbase con- 


sisting of the three different types of open subsets as suggested in the 


following diagram. 


pm 


Thus we see that if has a subbase S_ such that every union of four 
members of S is actually a union of three of them. It is an open 


question at the time of writing whether this is best possible. 
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Open Question. Does there exist an open subbase for i such that the 


union of three is actually the union of two of them? 


In general, the n-cube I” has a subbase such that the union of 
n+2 of them is a union of n+1 of them. With this in mind, we make 
the following definition. Consider (P(x), Ucehite “imi x) as a boolean 
lattice. Recall)from.Chapter Il thated£.-S rernige) then the breadth of 
S, b(S), is the smallest positive integer b (if one exists) such 
that any union Sy We SU ree lias (with Ss; e S) is always a union 


2, b+1 
On Db. Of the Si. 


IV.2. Definition. Let X be a topological space. The breadth of X, 
b(X), .is the smallest: positive integer b «(if one exists), such that X 
has an open subbase S with b(S) = b. If no such b_ exists, we say 


X has infinite breadth or b(X) =. 


As with the cardinal function a(X), we are particularly interested 
in spaces with breadth two. But first of all, let us establish several 


immediate consequences of the definition. 


IV.3. Proposition. (a) Ac xX implies b(A) < b(X) (bis monotone) 


(b) b(Xx¥) < b(X) + b(Y). 


Proof: (a) If b(X) is ©, then we are finished. So assume b(X) =n. 
Let «Su betas subbaseefors Xeawithgab(S)a=\u. GThenielAgniSiecncdStenie 
a subbase for A of breadth <n. 

(b) If either b(X) or b(Y) is ~, then we are finished. So 
assume b(X) =n, S is a subbase for X with b(S) =n, b(Y) =m and 
T  iseansubbase forwiXs withisbGpe-gmeuepetine RK = 15x Yi 5S%e Siu 


{xxT: Te T}. Then R is a subbase for XxY and b(R) = n+m. Hence 
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BCX XY )) sin em, 


IV.4. Examples. 


(i) Identifying the n-cube with the n-simplex, we have b(I) # n+l. 
(ii) All totally ordered spaces have breadth two. 
(iii) Since all n-dimensional separabl2 metric spaces can be imbedded 
in a 2n+1-simplex (see Hurewicz and Wallman [14]), for such 
spaces) \X.5 b(X)i< 2n 42. 


(iv) The compact T, spaces, X(n), of III.1.3 have breadth n-1l. 


ipo. sekelatdonship.of »b(X)me and .o(X). If o(X)e< wa then a(x) < b(X) +1. 
Certainly, if b(X) is », this is true. Otherwise, let b(X) =n and 

S be an open subbase for X with b(S) =n. Then any cover of X from 

S has a finite subcover and since a cover is a union, this can be reduced 

to at most n members, whence a(X) < n+1. An example where strict 


c 


inequality holds is X = 2°. By Theorem III.2.2, a(8N) = w. So by 


the above inequality b(B8N) = ~, therefore by monotonicity of b, 


23) o (8N is a subspace of 2S But 2° is supercompact hence 


ery 3. Consequently a (2°) < B(2) +1. An example where equality 


obtains in X= H1.k. 


We now proceed towards our main objective which is to prove that 
all one-dimensional separable metric spaces have breadth two (we exclude 
the one point space which has breadth one). Clearly, all zero-dimensional 
separable metric spaces, being subspaces of the totally ordered Cantor 
discontinuum, have breadth two. This result will be a strengthening of 
the gross inequality of IV.4(iii) for n=l. 


Henceforth we make the blanket assumption: 


X DENOTES A ONE-DIMENSIONAL SEPARABLE METRIC SPACE. 
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If Bc P(X) then by [B] we mean the ring generated by B ie. 
we close B under finite unions and finite intersections. As usual, 
Bd,B = CL,B n CL, (X-B) (the boundary of B). The subscript X will be 
suppressed when the meaning is clear. We mention two facts. 

(a) B open in X implies Bd = C£B - B 


(b) F a finite subcollection of B implies Bd(n{B: BeF}) c¢ 


u{BdB: B « F} and Bd(u{B: B « F}) ¢ u{BdB: B « F}. 


TV.6. Derinition. A collection 6 of open sets of X is said to be 
boundary nice if (a) for all U and V in B, BdU n BdV n (Bd(U-V) u 


Bd (V-U) } = 0a tand (b)¥ foneakiwclgdinaghs> Sdim(be.U)e <0? 


IV.7. Proposition. Let B be a boundary nice collection of open sets 
of xX. Then 

()) fortalls ¢Ueednd eViesin Ghe BatUlenivie tetc tosed 

(2) for all U and V in B, C2(U-V) n C2(V-U) = @ 


(3) [B] is boundary nice. 


Proof: (1) C&(BdU nV) - V ¢ BAU n BdV n Bd(V-U) = $. Hence 
CR(Bd U n V) = BdU nV. 

(2) G2 (U-V) “a CR(V-U) eeBdU neBd Von Bd(U-V) = @. 

(3) Let F and G _ be two finite subcollections of a boundary 
nice collection of open sets. It suffices to show that Bd(nF) n Bd(nG) n 
Bd(nF - nG) = @ and Bd(uF) n Bd(uG) n Bd(uF - UG) = @. Let us tackle 


the former equation. 


Bd(nF) n Bd(nG) n Bd(nF=-nG) = Bd(nF) n Bd(nG) n C&(nF-nG) 


1S, Bd F alps acy acl | (F-G)). 


Per GeG GeG Ret 


Thus if pe L.H.S. then there exist F« F and GeG_ such that 
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DrceDdsraaeGs Geary C£(F-G) ¢ Bd F n BdG n Bd(F-G) = @. For the latter 


equation we have 


Bd(uF) n Bd(uG) n Bd(uF-uG) 


Bd(uF) n Bd(uG) n C&(uF-uG) 


[a 


GeG FeF GeG 


Thus if p ¢« L.H.S. then there exist F«F and GeG_ such that 


p « (X-F) n BdG n C&(F-G) c BdF n BdG n Bd(F-G) = @. 


Furthermore, from the equations Bd(UuUV) ¢ BdU u BdV_ and 


Bd(UnV) ¢ BdU vu BdV_ we conclude that for all We [B], dim(Bd W) < 0. Q 


We quote the following theorem established by K. Morita [25]. A 
proof can also be found in A.R. Pears [27]. 
Let Y be a regular space. The following are equivalent: 
ls JX 1s a metric space with “dim Y <(n- 


2. There exists a o-locally finite base U such that 
nL 


a) for any n+l. elements” U.,*-+=30 of U;, igs eects =i 
iL n i=1 i 


b)@ifor any) U & U,a*dim(8d U) <gne 1% 


A base ring B for a space is a base for the open sets such that 


B = [B]. 
Iv.8. Lemma. xX has a countable base ring 8 which is boundary nice. 


Proof: Applied to our situation, the aforementioned theorem of Morita's 


supplies a countable base B' such that for distinct U and sv.) ines) s. 


BdU n BdV = 9 and for all Ue B', dim(BdU)< 0. Such a Beeeis 


clearly boundary nice. Let B= [B']. By Proposition IV.7(3), B is 
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our required base. [] 


The property of having disjoint boundaries does not carry over to 
the ring generated; it was partly for this reason that we introduced the 
idea of boundary nice. 

The following proof is similar with that in Hurewicz and Wallman [14] 
(pg. 177). However, to produce an open set in the given base rane be 
the extra hypotheses of compactness and A_ being closed are needed. 


For this reason we include the proof. 


IV.9. Lemma. Let X be a compact metric space with dim X < l. 
Let»°B «be a countable base ring for X such that for all U « B, 
dim(Bd U) < 0. Let C, and C, be disjoint closed sets of X. Let A 
be a closed set in X with dim(A) < 0. Then there exists Be B with 
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Here is the main result of this chapter. 


IV.10. Theorem. A compact metric space X of dimension one has breadth 


‘two. 


Proof: Let B be a countable base ring for X which is boundary nice. 
Without loss of generality assume {9,X} ¢ B. B is thena 0-1 dis- 
tributive lattice under union and intersection. We shall show that there 
exists S<¢B with b(S) = 2 tand B= {oF : F is a finite subcollection 
of S}. This S$ will be our required subbase. 

Let B= {B+ i <w}. Assume open sets 0, 05.°°*,0, have been 


constructed such that 
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sect in B and which together with {0, »0 i, have breadth two. 


stale Ze 


To do this, Proposition II.3 is employed. That is, for each pair 0. z Oe 
we find open sets oF and Dat that are elements of B and satisfy the 
hypotheses of the proposition. The resulting sets that the proposition 


supplies will be members of B, will intersect in B and will, 
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together with {0, ,0,,°°*,0 3 have breadth two. Thus ending the proof. 


Consider {(j,k): 1 < 4<k<n}. Endow this set with the lexico- 
graphic ordering. 
Part A. Construction of yi where 1< j <k<n. 
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space and by repeatedly intersecting the open sets created we can con- 
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IV.11. Corollary. A separable metric space of dimension one has breadth 


two e 


Proof: K. Menger [18] has constructed a universal one-dimensional 
separable metric space which is also compact. The result follows from 


the monotonicity of the breadth function. [J 


The techniques used in these results seem to be peculiarly one- 
dimensional in nature. Since all non-degenerate O-dimensional and 
l-dimensional separable metric spaces have breadth two, breadth does 
not depend upon dimension. The following intriguing question arises. 
Do all separable metric spaces have breadth two? Equivalently, is the 


breadth of the Hilbert cube two? 
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